We apply the Bogoliubov inequality to the Bose-Hubbard model to rule out the possibility of Bose-Einstein condensation. The result holds in one and two dimensions, for any filling at any nonzero temperature. This result can be considered as complementary to analogous, classical result known for interacting bosons in continuum.
Introduction
Many-body boson systems were among first quantum systems, where the problem of phase transitions has been noticed. In a system of non-interacting bosons it was investigated in the very beginning of quantum theory [1] , [2] , [3] , [4] . For an excellent review of non-interacting boson systems see [5] .
In systems of interacting bosons, the problem turned out much more difficult. Significant progress has been made in late 40's of XX-th century, when the existence of phase transition in 3d systems has been (non-rigorously) shown by Bogolyubov [6] . Further contributions into development of the theory have been made, among others, by Penrose, Onsager, [7] , [8] , Feynman [9] , Lee, Huang, Yang [10] , [11] . (For exhaustive reviews see [12] , [13] ).
at positive temperatures in dimensions one and two, we couldn't find -perhaps surprisingly -a proof of this fact. This opportunity motivated us to fill this gap.
Two problems appear here. One is the formal calculation, based on the Bogolyubov inequality.
We define the order parameter to be the average of zero-momentum annihilation operator (like in [17] and other papers). By a suitable choice of operators one shows that this order parameter is zero in dimensions one and two at positive temperatures.
The second aspect is justification of these calculations; the ordinary (finite dimensional) Bogolyubov inequality is not sufficient here. It turned out that only in limited range one can use the technique developed in the paper [17] . Instead, we consider certain sequence of finite-dimensional approximations together with taking the infinite-dimensional limits on the level of thermal averages and showing that these limits exist.
The organization of the paper is as follows. In the Sec. 2 we present a 'setup', i.e. the notation, formalism and definition of the Bose-Hubbard model. This Section contains also some preparatory theorems, necessary for further considerations. In the Sec. 3 we elaborate some general aspects of Bogolyubov inequality necessary in further considerations. The Sec. 4 presents the choice of operators in the Bogolyubov inequality and calculation of necessary commutators. The Sec. 5 describes passing to the thermodynamic limit to prove the lack of the Bose-Einstein condensation in dimensions one and two at positive temperatures. The Sec. 6 is devoted to summary, conclusions and some open (as far as we know) problems.
Setup for the Bose-Hubbard model: definitions and preparatory theorems
In this section we introduce the model and prove self-adjointness of its Hamiltonian. Let K be a separable Hilbert space and (e 0 , e 1 , . . . ) an orthonormal basis; e n will also be denoted by |n . Let c † , c be the standard creation and anihilation operators on K with respect to the orthonormal basis (e n = |n ):
and extended by linearity to the space of finite linear combinations of basis vectors. Clearly on this space they satisfy [c, c † ] = 1 and for the number operatorn := c † c we haven|n = n|n .
For a finite set Λ we define
Vectors of the induced orthonormal basis in H Λ will be abbreviated as:
Let D be the space of finite linear combinations of elements of basis in H Λ :
clearly D is dense in H Λ .
Let us define several linear operators acting on D. For x ∈ Λ by c † x , c x ,n x we denote linear operators acting as c † , c,n on x-th "slot" and as 1 on remaining "slots" i.e. c † x |n 1 , . . . , n x , . . . , n |Λ| := √ n x + 1 |n 1 , . . . , n x + 1, . . . , n |Λ| c x |n 1 , . . . , n x , . . . , n |Λ| := √ n x |n 1 , . . . , n x − 1, . . . , n |Λ| n x |n 1 , . . . , n x , . . . , n |Λ| := n x |n 1 , . . . , n x , . . . , n |Λ| ,
It is straightforward to check that these operators, as operators on D, satisfy
Remark 1 The total number operator N Λ and the operator N 2,Λ are defined as
so that
If it doesn't lead to any confusion we will omit subscript Λ and denote these operators by N and
i.e. D m is the eigenspace of N with eigenvalue m. Using this notation we have
It is routine to check that operators N and N 2 are essentially self-adjoint; their self-adjoint closures will be denoted by N and N 2 , respectively. Note the type of font, we will use similar notation for other operators as well. In general, the closure of an operator A will be denoted by A as well as complex conjugation of a number z by z.
We define two more operators on D:
Let us note that operators T ′ , T ′′ , N 2 and L are symmetric on D and
Finally, for u > 0, µ, λ ∈ R, let us consider the grand canonical ensamble hamiltonian:
(again we will omit subscript Λ in T Λ and L Λ ). Of course H Λ depends of λ and µ as well, but we will use dependence of u explicitly, so we underline it in notation.
The operator T Λ possess physical interpretation as the lattice hopping term, and uN 2,Λ is the onsite interaction term. We have also the L term, which is responsible for breaking of the U (1)
symmetry. Realize that in the canonical ensemble the average of the operator x c † x (as well as
x c x ) is equal to zero. However, in the grand canonical ensemble both averages can be non-zero. One takes (suitably scaled) averages of the operator x c † x (or x c x ) as the 'order parameter', i.e. condensate density.
Let us also fix two numbers M, M d satisfying:
Remark 2 This is not a restriction on a single system, but later on, in termodynamic limit, we shall assume that M and M d fulfilling (14) can be chosen independently of Λ. Clearly we may
At this moment we don't impose any other restrictions on the model; they will appear later on. The rest of this section is devoted to the proof of self-adjointness of the Hamiltonian (13).
Theorem 3 Let u > 0 and µ, λ ∈ R. Then i) The operator H(u) defined by (13) is essentially self-adjoint and its closure H(u) is equal to
ii) H(u) is bounded from below with lower bound γ(u) satisfying
iii) The operator exp(−βH(u)) is trace class for every β > 0
The idea of the proof is to show that the hamiltonian (13) is a "small" perturbation of the operator u N 2 and then to use some general results of perturbation theory -they are summarized in Prop. 7.
After the proof of this proposition, which essentially consists of pointing to relevant results from literature, we prove -in Prop. 11 -estimates that enable us to apply Prop. 7 to Bose-Hubbard Model.
Some results about unbounded perturbations.
Here we deal with unbounded perturbation and for completness of exposition we recall the following 
In this situation we will also say that A is T -bounded with constants (a, b).
A is T -bounded with the relative bound 0 if for every ǫ > 0 there exist a such that A is T -bounded with constants (a, ǫ).
Remark 5
There is an equivalent definition ( [26] , Ch. 5, 4.2) in which inequality (16) is replaced by
Indeed, if (17) is satisfied then also (16) holds with a =ã and b =b. In the opposite direction, if (16) holds then takingã := a 1 + 1/ǫ andb := b √ 1 + ǫ for any ǫ > 0 we obtain (17).
Remark 6
From the very definition it follows that relative boundedness is transitive: if A is Tbounded with constants (a 1 , b 1 ) and T is S-bounded with constants (a 2 , b 2 ) then A is S-bounded with
Now we can formulate the proposition being the main tool of our analysis. ii) The operator A is T| D -bounded with constants (a, b) and b < 1.
iii) T is bounded from below with the lower bound γ;
iv) e −βT is a trace class operator for every β > 0 Then
The operator T| D + A is essentially self-adjoint and S := (T|
2. The self-adjoint operator S is bounded from below with the lower bound γ S and
3. The operator e −tS is a trace class operator for any t > 0. 
Remark 8 If a pair (T,
A
Proof of Prop. 7:
1) This statement is just the Thm 4.4, Ch.5 of [26] (Kato-Rellich Theorem) applied to operators T| D and A; only assumptions i) and ii) are used.
2) From the proof of mentioned theorem, it follows that A is T-bounded with (the same) constants (a, b). The statement (2) is the Thm 4.11, Ch.5 of [26] applied to the pair (T, A);
3) Let us notice that, by the remark 8, it is enough to prove the third claim for t = 1. Therefore we shall prove that e −S is a trace class operator. To this end we are going to use the following Then Tr(e −S ) ≤ Tr(e −A e −B ) and therefore e −S is trace class.
Let us take α satisfying b < α < 1 and consider operators αT and A. These operators satisfy assumptions of the theorem with the same D and constants γ 1 := αγ, a 1 := a and b 1 := b α < 1. Therefore we know, by 1) and 2), that the operator S 1 := αT + A is self-adjoint (on D(T)) and D is a core for S 1 . It is also bounded from below with the bound
Therefore we can write the operator S as a sum of two self-adjoint, bounded from below operators:
where exp(−(1 − α)T) is trace class (by iii)) and D is a core for S. Now by Lemma 9 the operator exp(−S) is trace class.
Corollary 10
Let T and A satisfy assumptions i) − iii) of Thm. 7 and let B be T-bounded with constants (ã,b). Then, for any β > 0, the operator B exp(−β(T + A)) is bounded and
Proof: Let us denote S := T + A. By the functional calculus of self-adjoint operators (see e.g. [27] ,
on the whole space H and for ϕ ∈ H:
||Tψ|| ≤ ||Sψ|| + ||Aψ|| ≤ ||Sψ|| + a||ψ|| + b||Tψ||, and, since b < 1,
Using this estimate in (21) for ψ := exp(−βS)ϕ we obtain (20).
Self-adjointness of Bose-Hubbard Hamiltonian
To prove Thm. 3, we use Prop. 7 with T := u N 2 and A := T + µN + λL. It is clear that N 2 ≥ 0 and it is easy to check that exp(−β N 2 ) is trace class for every β > 0, so the same is true for exp(−βu N 2 ).
Thus to prove the theorem we need to show that the operator T + µN + λL is u N 2 -bounded with some constants (a, b), b < 1. In fact we are proving in Prop. 11 that each of operators T ′ , T ′′ , N and L is N 2 -bounded with relative bound 0. Notice that this is enough, since it is straightforward to see that then, for any λ and µ, the operator T + µN + λL is N 2 -bounded with relative bound 0;
moreover from the very definition, it follows that if some operator A is N 2 -bounded with relative bound 0, it is also u N 2 -bounded with relative bound 0 for any u ∈ R.
By considerations above, the proof of the following proposition will complete the proof of 1) and
3) of Thm. 3.
Proposition 11 For any K ∈ N and any ψ ∈ D we have the following estimates:
Proof: Notice that, as mentioned above, these inequalities imply that operators T ′ , T ′′ , N and L are N 2 -bounded with relative bound 0. Let us start with the following Lemma 12 For any ϕ ∈ D m we have:
Proof: The first estimate we are going to prove is:
Observe that each subspace D m is an orthogonal sum
. . , k − 1}; this immediatly follows from ||A|| 2 = ||A * A||. Therefore
and
as in (28) . Now, for ϕ ∈ D m we compute
as claimed in (26) .
It remains to prove (27) . This immediatly follows from the fact that the minimal value of
l on the hyperplane
Now we can prove the proposition. Let us fix K ∈ N. For any ψ ∈ D, because of (9) (orthogonal sum). By (12) and the estimates in the lemma we have:
Thus the estimate (22) follows. In the similar way:
This is the estimate (23) . Finally, we compute:
then, for ϕ m ∈ D m we get
where in the last step we use second claim of the proposition, and this is (24) .
Finally to prove the last inequality consider the lemma 
and (25) follows now from (23) . The proposition is proven as well as points 1) and 3) of Thm. 3.
It remains to prove the inequality (15) in 2). By Prop. 11:
where
by (18) , and the inequality (15) follows.
By the proof of Thm. 3 we have:
Corollary 14 For any ρ ∈ R an operator H(u) + ρI is self-adjoint, bounded from below and exp(−β(H(u) + ρI)) is trace class.
Bogolyubov inequality for systems of bosons
The fundamental technical tool in proving the absence of ordering is the Bogolyubov inequality.
Working with bosons, one needs a kind of infinite dimensional version of that inequality involving unbounded operators. One approach is to obtain directly such an inequality for a given hamiltonian and apprioprate class of operators -this way for Bose gas in continuum was used in [17] . In our approach we proceed in different manner. Namely, we start with finite dimensional Bogolyubov inequality for finite dimensional "approximations" of relevant operators and show by limiting procedure that finite dimensinal averages converge to "true" averages for the model.
Let V be a finite dimensional Hilbert space and H = H * a self-adjoint operator on V . For an operator B on V let
Let A, C be linear operators on V . The Bogolyubov inequality [19] reads:
Assume now, that V is a subspace of a Hilbert space H = V ⊕ V ⊥ and let P V be the orthogonal projection on V . If A is an operator on V letÃ := AP V be its extension (by 0 on V ⊥ ) on H. It is easy to see that for linear operators A, A 1 , . . . , A k , H on V we have
for any polynomial P (x 1 , . . . , x k ) of noncommuting variables. Thus the inequality (35) can be written as
where, for operators B : H → H satisfying B = BP V = P V B, we denote
Finally, and this is the situation we deal with, let us assume that D ⊂ H is a dense linear space with V ⊂ D and let H, A, C : D → H be linear operators; assume moreover that H is symmetric and D ⊂ D(A * ) ∩ D(C * ). Then restricting operators to V and then extending to H we obtain the following inequality:
where A V := P V AP V , etc, and the average B V for operators satisfying B = B V is defined this time as
Using notation just introduced we can formulate: If
If, morever P V A ⊂ AP W then additionally:
Proof: It is straightforward to verify that for any operators E, F : D → D:
If an operator P satisfies P P V = P then P (
So (39) follows from (43) by assumptions on C.
To prove (40) notice that our assumptions on C imply:
and for any operator E : D → D:
In particular for E = H we obtain (40).
To prove (41) let us notice that
Using these relations, let us compute [30] ) and q V A † Aq V V ≥ 0 (as a thermal average of positive operator) therefore inequality (37) gives
We are going to use sequence of inequalities (37) for V := D M . In this situation we will write P M for the orthogonal projection on D M , and for an operator B :
we will write
For operators of interest we will show convergence of these finite dimensional approximations to their "true" thermal averages.
For a bounded operator A its thermal average A is defined as
and for H ≡ H(u) it is well defined and finite by Thm. 3. Let us note that thermal averages don't change under replacements H → H + ρI for any ρ ∈ R. In the following, we have to consider more general case of some unbounded observables A. For them we have to show that the formula (47) 
For α satysfying 1 > α > b and ρ such that αT + A + ρI ≥ 0 let us define, cf. (19) , a sequence of
Then for any t > 0
Proof: We will use the following 
Let us recall that the sequence of self-adjoint operators T n converges to a self-adjoint operator T in a strong generalized sense iff for every z ∈ C \ R the sequence of resolvents (T n − zI) −1 converges strongly to (T − zI) −1 . The useful criterion for strong convergence of resolvents is:
, Ch. VIII, Cor. 1.6] Let (T n ) be a sequence of self-adjoint operators and T a selfadjoint operator. Assume D is a core for T and T n ψ → T ψ for every ψ ∈ D. Then for avery z ∈ C \ R the sequence of resolvents (T n − zI) −1 converges strongly to (T − zI) −1 . Now, to prove our statement we use Lemma 18. We put H − = (1 − α)T, H n := S α n and H := T + A + ρI. Clearly exp(−β(1 − α)T) is trace class for any β > 0 and S α n ≥ (1 − α)T due to the definition of ρ. It remains to verify that S α n convereges to T + A + ρI in a strong generalized sense. We use Lemma 19. For any ψ ∈ D, P n ψ = ψ for sufficiently large n, therefore
Since D is a core for T + A + ρI the result follows.
The next theorem is essential for convergence of finite dimensional approximations of thermal averages. In its proof we will use the following lemma:
Lemma 20 Let A be T -bounded with constants (a, b). Then for every contraction P (i.e. ||P || ≤ 1) satisfying P T ⊂ T P , operators AP and P AP are T -bounded with (the same) constants (a, b).
Proof: It is straightforward to check that if P is any contraction the operator P A is T -bounded with (the same) constants (a, b) . So it is enough to prove that if P T ⊂ T P then AP is T -bounded with constants (a, b). By assumptions we have
T P ψ = P T ψ and ||AP ψ|| ≤ a||P ψ|| + b||T P ψ|| ≤ a||ψ|| + b||P T ψ|| ≤ a||ψ|| + b||T ψ|| .
Theorem 21
Let us keep notation and assumptions of Prop. 17. In particular, A is T| D -bounded wich constants (a, b). We add two more assumptions:
and 2) P n T ⊂ TP n for every n ∈ N.
If B and B * are T-bounded, then
Proof: Let S := T + A + ρI. The operator B exp(−βS) is trace class by Cor. 16. Below we prove that operators B exp(−βS α n ) , n ∈ N are bounded for any β > 0 (therefore also trace class) and give uniform (in n) bound for their norm. Assuming this has been done, we can write:
The first term can be written as:
To shorten notation let us denote Q n := 1 − P n . By the second equality in (50):
and, again by (50),
So we have:
Since the operator exp [−β(1 − α)T] is trace class:
and we obtain lim n→∞ Tr([ * ]) = 0 provided that
Since (1 − P n )T ⊂ T(1 − P n ), by the lemma 20 the operator (1 − P n )B(1 − P n ) is T-bounded with some constants (a 0 , b 0 ) independent of n therefore for ψ ∈ D(T): Let us now consider [ * * ]:
The first term':
The second term':
Note that, by assumptions, B is closable and
We have assumed that B * is T-bounded, so by Cor. 10 the operator B * exp(− By the lemma 20 P n A 1 P n are also T 1 bounded with the same constants, and by the corollary 10 we get uniform bound on ||B exp(− β 2 S α n )||. The proof is completed.
Notice that due to (50): P n exp(−βS α n )P n = P n exp(−βP n SP n )P n therefore Tr [P n BP n exp(−βS α n )] = Tr [P n BP n exp(−βP n SP n )]
and we obtain, for B and S as in Thm. 21, 
4 Bose-Hubbard system and Bogolyubov inequality So far, we didn't make any assumptions concerning the set of sites Λ (besides its finitness). Now we specify Λ to be the cubic lattice
We will work with 'momentum' variables from the first Brillouin zone:
Λ := {k ∈ R d : k i = 2π N n i , n i ∈ {0, . . . , (N − 1)}}
Then | Λ| = |Λ| = N d . At some moment we will asuume that our interaction is "translationally invariant" and to express this condition we will think of the lattice Λ as of embedded into torus (or simply as of direct product cyclic group Z d N ) and we will add elements of Λ as elements of Z d N :
x+y := ((x 1 + y 1 ) mod N, , . . . , (
The correspomding subtraction operation will be denoted by x−y. Note, for k ∈ Λ, x, y ∈ Λ, equalities:
exp(ik · (x−y)) = exp(ik · (x − y)) ,
For k ∈ Λ let us define:
[C, T ] = Let us introduce a "finite dimensional approximation" of density
Now the Begolyubov inequality reads:
occupation is bounded by some constant, we have also absence of Bose-Einstein condensation, as it is rather easy corollary from considerations in the paper ( [32] .
In the area of bosonic Hubbard model, there is still quite a few problems, waiting for rigorous treatment (the situation is similar for fermionic version). Even refraining ourselves to two dimensions and positive temperature, one encounters open problems; one of the most important ones is proving existence of the the Kosterlitz-Thouless type transition [33] . It has been rigorously established for some classical models (XY, sine-Gordon, Coulomb gas ones) [34] . Despite extensive numeric and non-rigorous treatment, the proofs for quantum models, including 2d Bose-Hubbard one, are -as far as we know -still lacking.
